As was conjectured by Vafa, the (N = 2, c = 9) → (N = 3, c = 3) embedding can be used to prove that N = 0 topological strings are special vaccua of N=1 topological strings. 
It has recently been noticed [1, 2, 3, 4] that starting with a critical N -extended stress tensor and with a twisted set of N -extended "ghosts", it is possible to construct a critical (N + 1)-extended stress tensor (this procedure differs from that of refs. [5, 6] in not requiring the existence of a U (1) current).
The BRST charge constructed out of this (N + 1)-extended stress tensor has the same cohomology as the BRST charge constructed out of the original N -extended stress tensor [7, 4] . Furthermore, it was shown for the (N = 0, c = 26) → (N = 1, c = 15) and (N = 1, c = 15) → (N = 2, c = 6) embeddings that if the (N + 1)-extended stress tensor corresponds to the matter sector of a critical (N + 1)-extended string, the (N + 1)-extended prescription for calculating scattering amplitudes gives the same result as the original N -extended prescription [3] .
In this paper, it will be shown that for N -extended stress tensors with non-critical central charge, it is also possible to use a twisted set of N -extended ghosts to construct an (N + 1)-extended stress tensor.
Although the (N + 1)-extended stress tensor has non-critical central charge, the difference between the central charges of the N -extended and (N + 1)-extended stress tensors is always equal to the difference of the critical central charges. In other words, we will describe the following embeddings:
where x is arbitrary. Note that as in the critical case, these embeddings do not require the existence of a U (1) current.
There are various interesting features of these non-critical embeddings that will be described. For N = 0 → N = 1 and N = 1 → N = 2, it is possible to generalize the critical embeddings of ref. [3] by simply changing some of the coefficients in the stress tensor. However, for N = 2 → N = 3 and N = 3 → N = 4, the non-critical (N + 1)-extended stress tensor requires an infinite number of terms, unlike the critical case described in ref. [4] . Surprisingly, it is not difficult to determine the explicit structure of these infinite terms.
Another interesting point is that there are two very different ways to construct the N = 1 → N = 2 non-critical embedding. The first construction has only a finite number of terms but requires bosonization of the twisted ghosts. The second construction shares the structure of the the other N → N + 1 embeddings but requires an infinite number of terms for the critical, as well as the non-critical case.
As an important application of our non-critical embeddings, it was conjectured by Vafa that our result on the (N = 2, c = 9) → (N = 3, c = 3) embedding can be used to prove the equivalence of the scattering amplitudes of N = 0 and N = 1 topological strings. This will be discussed briefly after presenting our non-critical embeddings, and will be described in more detail in ref. [8] .
We begin this paper by giving a general procedure for turning a critical embedding into a non-critical embedding, and will then give explicit expressions for the non-critical embeddings. Except for the N = 0 → N = 1 embedding (which was also found independently by Amit Giveon), these embeddings were constructed with the aid of the computer program of [9] . The N = 1 → N = 2 non-critical embedding will be descibed after the others because it has some fundamentally different features. We will conclude with some comments on the significance of our results.
The N → (N + 1) critical embedding for N ≥ 2 is [4, 10] 
where all objects are N -extended superfields which depend on z and on N grassmann parameters, T crit and G crit are the components of the critical (N + 1)-extended stress tensor, T crit m is a critical N -extended stress-tensor, B and C are the twisted N -extended ghosts, T g is the N -extended stress tensor for the twisted ghosts, and j is the integrand of the N -extended BRST charge. For the N = 0 → N = 1 critical embedding, there exist total derivative correction terms to T crit and G crit , however these correction terms do not affect the construction described below. The N = 1 → N = 2 critical embedding described in refs. [2, 3] is fundamentally different from the other cases and will be discussed seperately.
To construct a non-critical N → (N + 1) embedding from the critical embedding of eq. (2) The next step is to find a similarity transformation that removes all explicit dependence ofĜ from the non-critical stress tensor described by T ′ and G ′ . This can be done inductively by first defining
where signifies a super-integration over z and over the N grassmann parameters.
It is easy to use eq. (2) to check that T ′′ = T ′ and G ′′ = G ′ −Ĝ + CT + ..., where ... signifies terms with at least ghost-number 2 (the ghost number operator is CB). Therefore, after the similarity transformation,
Let Y be all terms in ... with ghost-number 2 containing eitherT orĜ. Since the OPE of G ′′ with G ′′ has only ghost-number zero terms (T ′′ has ghost-number zero), the symmetrized OPE of B with Y must be non-singular. Therefore,
So after performing the similarity transformation,
all terms containingĜ have at least ghost-number 3. By repeating this inductive procedure, one can construct the (N + 1)-extended stress tensor with central charge c = c crit + x:
where the ... depends only on the N -extended ghosts. Since T crit m
andT only appear in the combination
+T , this combination can be replaced by an arbitrary non-critical N -extended stress tensor T m which is then embedded into the non-critical (N + 1)-extended stress tensor T .
The explicit non-critical N → (N + 1) embeddings constructed using this inductive procedure are as follows:
which satisfy the N = 1 OPE:
where
, and the N = 3 OPE is
(11) N = 3 → N = 4:
Note that the z in G causes the lowest component of the non-critical N=4 stress-tensor to be non-local, however this is expected since the OPE of the lowest component with itself goes like log(z 1 − z 2 ).
The critical N = 1 → N = 2 embedding described in ref. [3] has the form
where T crit m is a c = 15 stress-tensor, b and c are the fermionic Virasoro ghosts, β = ∂ξe −φ and γ = ηe φ are the bosonic super-Virasoro ghosts, T g is the c = −9 stress-tensor for the twisted ghosts, and j is the N = 1 BRST current (it includes total derivative correction terms). Note that this embedding requires manifest N = 1 supersymmetry to be broken and also requires bosonization of the super-Virasoro ghosts.
A non-critical N = 1 → N = 2 embedding can be obtained using a similar procedure as before. One first introduces a new N = 2 stress tensor, (T ,Ĝ − ,Ĝ + ,Ĵ), which has central charge c = x and which is unrelated to T crit m and T g . Adding this N = 2 stress-tensor to the critical stress tensor of eq. (14) produces an N = 2 stress-tensor, (T = T crit +T , G
with c = 6 + x. One then has to find a similarity transformation that removes all explicit dependence
The resulting non-critical N = 1 → N = 2 embedding is: It was conjectured by Cumrun Vafa that these two scattering amplitudes coincide, and it is straightforward to use the properties of the non-critical embedding to prove his conjecture correct. The proof of equivalence for N = 0 and N = 1 topological amplitudes is very similar to the proof of ref. [3] for N = 0 and N = 1 ordinary amplitudes. As will be discussed in more detail in ref. [8] , one needs to insert picture-changing operators in the N = 1 prescription (which for topological strings are the products of In this paper, we have shown that the embeddings of critical superstrings found in earlier works can be generalized to embeddings of non-critical superstrings. Because our constructions of these new embeddings are rather complicated, it is natural to ask if there is an underlying principle that guarantees their existence. Certainly at the classical level, it is always possible to embed a system with less symmetry into a system with more symmetry by simply adding "artificial" gauge degrees of freedom. However at the quantum level, things are not so simple. embedding is of special significance because it allows the Ramond-Neveu-Schwarz description of the ten-dimensional superstring to be related to the manifestly spacetime-supersymmetric Green-Schwarz description [2] .
